Approximation Algorithms Dept. of CS, Aarhus University

Homework 4

Lecturer: Nguyen Kim Thang Sudent: ??

1 Primal-Dual Formulation

Formulate and write the relaxed linear programs togethtr their dual for the following problems. For the
last problem (Shortest Super String), no dual is requiregin@nber to define the variables in the primal.
For example, in Vertex Cover, we defined ioe V:

1 if u is in the vertex cover
Ty = .
0 otherwise
Set Cover Given an universé/ = uq,...,u,, a collection of subsef = {Si,..., Sk}, and a cost

functionc : S — Q. A set cover is a sub-collectior® of S that covers all element i, i.e., for allu € U,
u € [Jgee S- Find a minimum cost set cover.

Minimum Spanning Tree Given an undirected graphi(V, E) and a weight functiom : £ — Q. Find
a minimum weight spanning tree, i.e., a tree spans all \e=tic

Steiner Tree  Given an undirected grapfR(V, E), a weight functionw : £ — Q* and a set of terminal
S c V. Find a minimum weight tree that spans all nodé&in

Traveling Salesman tour  Given a complete undirected grapi{V, E), a weight functionw : E — Q™.
Find a minimum weight simple cycle that visits all noded/in

Shortest Super String Given a set of: strings{si, ..., s,,} over a finite alphabe} . Find a minimum
length stringt that contains eack; as a substring.

2 Duality

Solve exercise 12.8 in thpproximation Algorithms.

3 Proof

3.1 Set Cover

Define for each sef € S

{1 if S is chosen,
rg =
0 O.W.



We have the following LP primal-dual:

min ZCSZ'S
SeS
st > mg > 1 Vuel,
S:uesS
rg > 0 VSeS.

max >y,
Yu
Yovu <

wUES
Yu =

(1) s.t cs VSeS

0 Yuel.

where the constraint (1) in the primal says that each eleim@mivered by at least one set.

3.2 Minimum Spanning Tree

Define for each edge € E

1
Te = 0

We have the following LP primal-dual:

min Z CeTe

eckE

s.t Z Te
ecE
>

W), uESWES

Le
e:e=(u

Te

if e is chosen,
0O.W.

< I18]-1 vScV,

> 0 VeekL.

(@)

®3)

In the LP, the constraint (2) in the primal ensures that welzeastl’| — 1 edges in the solution (any
MST has exactlyV| — 1 edges). The constraint (3) makes sure there is no cycle hyrirg that for any
subsetS of vertices, there are at mosf| — 1 edges between vertices Sfin the solution, so the vertices
of S are not on a cycle in the solution. Since that is applied fgrsubsets, the solution contains no cycle
and hence itis a forest. As it contains at I6&3t— 1 edges, it only contains a single connected component,

therefore it is a tree.

Rewrite the primal, we get the following LP primal-dual.

min Z CeTe

ecE
st > ze > |V|-1,
ecE
> —z, > 1—1|S| vSCV,
e:e=(u,v),ueS,weSs
r. > 0 Vee€FE.

max (V|-Da + Y (1-1S)8s
scv
st a— Z Bs < ¢ Ve=(u,v)€S
S:u,weS
Bs > 0 VSCV.
a > 0



3.3 Steiner Tree

A LP-formulation can be done similarly ag&INER FORESTIN class. Here we present another LP. For any
subsetl” C V, denoted(T') the cut ofT". Define for each edgec E

1 if e is chosen,
Te =
0 O.W.

We have the following LP primal-dual:

min Z CoLe max Z yr

ecE T:TCV,S¢T
st > x> 1, VTCV,S¢T (4 st > yr < ¢ Ve€E,
e:e€d(T) T:eed(T),S¢T
ze > 0 VeeFE. yr > 0 VI CV,S¢T.

where the constraint (4) ensures that all nodeS afe connected. We do not care about cycles since in any
minimal solution does not contain cycle.

3.4 Traveling Salesman tour

Define for each edgec F

1 if e is chosen,
Te =
0 O.W.

min Z CeTe

eclE

st Yz = |V, (5)
eck

Sz < I8-1 vScV, (6)

e:e=(u,v),u,veS

re > 0 Vee€ FE.

where the constraint (5) guarantees that the outputWiagdges, a necessary condition for a tour. The
constraint (6) (on proper subsetd) guarantees no cycle in the output graph except the todf. itse
Rewrite the primal, we have the following LP primal-dual:



min Zceme max |V|(a—p3) + Z(l—\s\)%@

ecE Scv
s.t Zme > |V, st a—f0-— Z s < ¢ Ve=(u,v) €FE,
e:e€F S:SCVu,veS
> —we = -~V ap = 0
e:e€E v > 0 VScCVW.
> —z, > 1—1|S| vScV,

e:e=(u,v),u,veS

z. > 0 Vec€FE.

3.5 Shortest Super String

Assume that the first character index in a string is 1 (instéd@las usual in programming). L& be the
sum of all strings’ length, i.elN = 3" | |s;|. Clearly|t| < N. Lets,; denote thej'" character of; and

t; is the character at positianin the output string. Define the following variables. Variablg ;;, indicates
whethert; covers the occurrence 6f,;. Variabley; indicates whether a specific locationn the output
string is used to cover some character. The objective is tonmEe the number of characters used in the
cover.

N
min Y "y
i—1

N
s.t Zmljk > 1, V1<k<nV1<j<|s (7)
=1
Tijk + g < 1, VI<k< n,Vj/ > 7, Vil < (8)
Isk]
SN g < lskl— 1, ¥1<k<n,VS non-contiguousC {1,..., N} with [S] = [sp| (9)
icS j=1
Tijk + Ty <1, V1<k< TL,\V/j, > g, Vil < (10)
n skl
ny; > )Y mige Vi (11)
k=1 =1

Tijk € {07 1} Vi7j7 k
yi € {0,1} Vi

The constraint (7) says that each character in eacimust be covered at least once. The constraint (8)
ensures that the order in which characters are coveredrisasing. The constraint (9) guarantees that no
non-contiguous cover exists by restricting the number afatters covered by a non-contiguous subset of
size|si| to be at mosts,| — 1 for eachk. The constraint (10) makes sure that covers are consisiift,
the j** character of;, and thej* character ok, differ, then they cannot be covered by the same position
1. The constraint (11) says that positibof the output string might cover a charactemohput strings.



