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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

BNLOTSDQ RBHDMBD

HmenqlZshnm
*

Oqnakdl

ükfnqhsgl
*

CZsZ Rsqtbstqdr

OqnfqZl
*

CZsZ
LZbghmd Qdrtks

Sgd entq eZbdr ne Z bnlotsdq rbhdmbd naidbs

HmenqlZshnm qdoqdrdmsZshnm
Dmbnchmf+ c_s_+ mtldqhb_k hmenql_shnm---

ükfnqhsglhbr
Cdrhfm+ oqnne+ bnlokdwhsx+---

OqnfqZllhmf KZmftZfd
K_mft_fdr+ rnesv_qd dmfhmddqhmf---

üqbghsdbstqd
Oqnbdrrnq+ mdsvnqjr+ nodq_shmf rxrsdlr---

Pdedqdmbd 9 Kdr ptZsqd bnmbdosr cd k)hmenqlZshptd+
Chc_oqn+ 1/00 ax Fhkkdr Cnvdj+ HMPH@.DMR,R_bk_x

2 . 41Bnlahm_snqhbr A_rhbr



HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

üARSQüBS NAIDBSR HM BNLOTSDQ RBHDMBD

Rxlankr: Vnqcr: Zmc Sdwsr

I /00/000//0/000/000---
I 16/b3ed51/4b/e32c2052e455423e2/7
I fq_ll_qr+ qdvqhshmf+---

Rdsr

I rdsr dmbnchmf+
I rtardsr+ o_qshshnmr

Sqddr

I ahm_qx sqddr+ ahm_qx rd_qbg sqddr
I bnudqhmf sqddr
I sqdd rsqtbstqdr

Nqcdqhmf

I odqlts_shnmr
I rdptdmbdr
I o_qsh_k nqcdqr

Vgx bntmshmf,

I Bg_q_bsdqhrshbr ne naidbsr
I Adssdq tmcdqrs_mchmf ne sgd rsqtbstqdr

I Bntmshmf : Cdrbqshoshnm Ldsgnc : Dmtldq_shnm : Fdmdq_shnm
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

VDKK AüKüMBDC DWOQDRRHNMR

Sgd oqnakdl

!!Y) !2· !b ) 0((� !8) w(· !!4) d(� !3· 2((( hr _ vdkk,a_k_mbdc dwoqdrrhnm=

_mc sghr nmd

!4 ) Y(· !1· 2· !4,d((( ) !3� 2· !d ) 6((

BGDBJ]DWOPDRRHNM’R(
CZsZ. R rdptdmbd ne rxlankr
Qdrtks. Sqtd he sgd dwoqdrrhnm hr vdkk,a_k_mbdc ’dkrd E_krd(

bntms : /
enq h : / sn kdmfsg -R( /fl

he R?h[ ::′ !′

bntms : bntms ) 0
dkrd he R?h[ ::′(′

bntms : bntms � 0
he bntms , /

qdstqm E_krd

qdstqm bntms :: /

Dwdqbhrd 9 Cdrhfm sgd _kfnqhsgl enq dwoqdrrhnmr bnlonrdc vhsg ’(+ z+{ _mc Y+[ rxlankr-
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

üMüKXRHR NE SGD OQNAKDL

Hr sgd Zkfnqhsgl bnqqdbs,

I Enql_k oqnne ’lnchex sgd _kfnqhsgl sn oqnud hs(
I Bgdbj nm dw_lokdr ’vghbg nmdr=( Hr hs _ oqnne=
I Dmtldq_sd _kk sgd onrrhakd dwoqdrrhnmr vhsg ′!′ _mc ′(′ _mc bgdbj sgd bnqqdbsmdrr- Hr hs _

oqnne=
I Fdmdq_sd _ q_mcnl rds _qahsq_qx k_qfd ne dwoqdrrhnmr _mc bgdbj- Hr hs _ oqnne=

ühl ne sgd Zbshuhsx .

I Cdrbqhad sgd rsqtbstqd+ bgdbj cds_hkr+ }w mns_shnmr
I Dwoknqd sgd rl_kk b_rdr dwg_trshudkx
I Drs_akhrg _kfdaq_hb rsqtbstqd+ l_jd khmjr vhsg nsgdq oqnakdlr

5 . 41Bnlahm_snqhbr A_rhbr



HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

RTARDS DMTLDQüSHNM
�m
j


hr sgd mtladq ne v_xr sn bgnnrd j dkdldmsr _lnmf m dkdldmsr

gsso.::vvv/ghrsnqwylbryrs/PmcyPbyti:�hnfqPoghdr:DPrbPkygslk

Enq _kk hmsdfdqr / � j � m

(m
j

)
:

m!m � 0( · · · !m � j ) 0(

j�
’0(

Oqnud sgd dpt_khsx ax _ bnlahm_snqh_k _qftldms
Ghms 2 sgd mtladq ne rdptdmbdr ne j cheedqdms dkdldmsr Ylnmf m hr
m!m � 0( · · · !m � j ) 0( Ymc sgd mtladq ne nqcdqhmfr ne Y rds ne rhyd j hr j�,

7 . 41Bnlahm_snqhbr A_rhbr



HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

AüRHB OQNODQSHDR

(m
j

)
:

m�

j�!m � j(�
’1(

Oqnud hs chqdbskx eqnl Dpt_shnm 0

Enq _kk hmsdfdqr / � j � m
(m
j

)
:

( m
m � j

)
’2(

Oqnud hs chqdbskx eqnl 1
Oqnud hs ax _ bnlahm_snqh_k _qftldms
Ghms 2 ahidbshnm adsvddm sgd rds ne rtardsr ne rhyd j Ymc ===,

Dwdqbhrd

Fhud _ bnlahm_snqh_k _qftldms sn oqnud sg_s enq _kk hmsdfdqr / � j � m 9

j
(m
j

)
: m

(m � 0
j � 0

)
’3(
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

OüRBüK)R SQHüMFKD

Qdbtqqdmbd DptZshnm

Sgd ahmnlh_k bnde}bhdmsr r_shrex

(m
j

)
:

(m � 0
j � 0

)
)

(m � 0
j

)
’4(

Oqnud hs chqdbskx eqnl Dpt_shnm 0
Oqnud hs ax _ bnlahm_snqh_k _qftldms

Ghms 2 oYqshshnm hm svn oYqsr sgd rds ne rtardsr ne rhyd j : sgnrd bnmsYhmhmf Y fhudm
dkdldms Ymc sgnrd mns-
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

SGD AHMNLHüK SGDNQDL

Enq _kk hmsdfdq m _mc _ enql_k o_q_ldsdq W

!0 ) W(m :
m∑

j:/

(m
j

)
Wj ’Mdvsnm 0555( ’5(

Oqnud hs ax _ bnlahm_snqh_k _qftldms Ghms 2 vqhsd
!0 ) W(m : !0 ) W(!0 ) W( · · · !0 ) W(

 ︷ ︸
m sdqlr

hm dYbg sdql bgnnrd 0 nq W) vgYs hr sgd

bndezbhdms ne Wj hm sgd qdrtks "sghmj �udbsnq ne m ahsr�(,

Dwdqbhrdr

Trd _ bnlahm_snqh_k _qftldms sn oqnud 9

m∑

j:/

(m
j

)
: 1m

Trd sgd ahmnlh_k sgdnqdl sn oqnud ’fhud _krn _ bnlahm_snqh_k _qftldms(

m∑

j:/ j ncc

(m
j

)
:

m∑

j:/ j dudm

(m
j

)
: 1m�0
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

RTLLüSHNMR üMC CDBNLONRHSHNMR

Sgd UZmcdqlnmcd Bnmunktshnm

Enq _kk hmsdfdqr l. m. j

j∑

i:/

(l
i

)( m
j � i

)
:

(l ) m
j

)
’6(

Oqnud hs ax _ bnlahm_snqh_k _qftldms
Ghms 2 bgnnrd j dkdldmsr hm svn rdsr nmd ne rhyd l Ymc sgd nsgdq m-

Dwdqbhrd

Oqnud sg_s

m∑

j:/

(m
j

)1
:

(1m
m

)
’7(

Ghms 2 Rodbhex Dpt_shnm 6
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

RTLLüSHNMR üMC CDBNLONRHSHNMR -1(

Toodq rtllZshnm

Enq _kk hmsdfdqr o � m

m∑

j:o

(j
o

)
:

(m ) 0
o ) 0

)
’8(

Dwdqbhrdr

Drs_akhrg sgd rn bk_rrhb_k qdrtks

m∑

j:0

(j
0

)

Bnlotsd

m∑

j:1

(j
1

)
_mc cdctbd sgd u_ktd ne

m∑

j:0

j1
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

SGD LüHM QTKDR HM BNLAHMüSNQHBR -H(

Ahidbshnm Qtkd

Kds ; _mc A ad svn }mhsd rdsr he sgdqd dwhrsr _ ahidbshnm adsvddm ; _mc A sgdm

};} : }A} .

RtllZshnm Qtkd

Kds ; _mc A ad svn chrinhms }mhsd rdsr sgdm

}; X A} : };}) }A} .

Lnqdnudq he {;0. · · ·;m{ hr _ o_qshshnm ne ; ’enq _kk h 6: i + ;h ∩ ;i : ∅ _mc
⋃m

h:/ ;h : ;(

};} :
m∑

h:/

};h } .
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

SGD LüHM QTKDR HM BNLAHMüSNQHBR -HH(

Oqnctbs qtkd

Kds ; _mc A ad svn }mhsd rdsr sgdm

};· A} : };} . }A} .

Hmbktrhnm?Dwbktrhnm oqhmbhokd

Kds ;0.;1. · · ·;m ad rdsr

};0 X · · · X ;m} :
m∑

j:0

!�0(j
∑

R·{0�··· �m{� }R}:j

∣∣∣∣∣∣

⋂

h∈R

;h

∣∣∣∣∣∣
.

Dwdqbhrdr

Hkktrsq_sd sgdrd qtkdr ax sgd oqduhntr dw_lokdr+ fhuhmf sgd rdsr nm vghbg sgd qtkd _ookx-
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

SGD BDMSQüK QNKD NE AHIDBSHNM

LZoohmf

@ lZoohmf ’etmbshnm( adsvddm W _mc X _rrnbh_sd sn d_bg dkdldms w ne W _ tmhptd
dkdldms X

e + W �→ X
w 7�→ x

e hr _m hmidbshnm hee

∀!w0. w1( ∈ W1 e !w0( : e !w1( ⇒ w0 : w1

e hr _ rtqidbshnm hee

∀x ∈ X ∃w ∈ W rtbg sg_s x : e !w(

e hr _ ahidbshnm hee e hr hmidbshud Zmc rtqidbshud

∀x ∈ X ∃�w ∈ W rtbg sg_s x : e !w( !w hr tmhptd(
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

LüOOHMFR üMC BüQCHMüKHSHDR
W _mc X EHMHSD rdsr

SxohbZk lZoohmf

W

w2

w3

X

x3

x2

x1

x0w0

w1

x4w4

mn qdkZshnm adsvddm }W } _mc }X }

Hmidbshud lZoohmf

W X

x3

x2

x1

x0w0

w1

w2

w3

x4

}W } � }X }

Rtqidbshud lZoohmf

W X

x3

x2

x1

x0w0

w1

w2

w3

w4

}W } > }X }

Ahidbshud lZoohmf

W

w2

w3

X

x3

x2

x1

x0w0

w1

x4w4

}W } : }X }
Vg_s g_oodmr vgdm sgd rdsr _qd hm}mhsd=
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

QDBHOQNBüK LüOOHMF

ü sxohbZk lZoohmf e

W

w2

w3

X

x3

x2

x1

x0w0

w1

x4w4

Hmudqrd HlZfd

rtardsr ne dkdldmsr ne W ’dpthu_kdmbd
qdk_shnm nm W (

e�0!x0( : ∅
e�0!x1( : {w0. w2{
e�0!x2( : {w3{
e�0!x3( : {w1. w4{
e�0!x4( : ∅

e�0!x( : {w ∈ W . rtbg sg_s e !w( : x{

Bnlahm_snqh_k oqnodqsx 9
∑

x∈X

∣∣∣e�0!x(
∣∣∣ : }W }

Dwdqbhrd 9
Enq _kk sgd oqduhntr bnlahm_snqh_k oqnner bnmrsqtbs sgd bnqqdronmchmf etmbshnmr-
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

BNTMSHMF ETMBSHNMR -DWDQBHRDR(

Kds W _mc X }mhsd rdsr

e + W �→ X
w 7�→ x

I Bnlotsd sgd sns_k mtladq ne rtbg etmbshnmr e
I Bnlotsd sgd mtladq ne hmidbshud etmbshnmr
I Bnlotsd sgd mtladq ne rtqidbshud etmbshnmr
I Bnlotsd sgd mtladq ne ahidbshud etmbshnmr

Bntmshmf qdkZshnmr

Kds W ad rds+ _ qdkZshnm E hr _ o_qs ne W · W -
Vgdm W hr }mhsd+ bnlotsd sgd mtladq ne qdk_shnmr nm W sg_s _qd
I qdfidwhud ’R hr qdfidwhud hee ∀w ∈ W vd g_ud wRw(

I rxldsqhb ’R hr rxldsqhb hee ∀!w� x( ∈ W 1 vd g_ud wRx :· xRw(

I Zmshrxldsqhb ’R hr _mshrxldsqhb hee ∀!w� x( ∈ W 1 vd g_ud !wRx _mc xRw( :· w : x (

E hr sqZmrhshud hee ∀!w . x . y( ∈ W2 vd g_ud !wEx _mc xEy( :⇒ wEy
Sqx sn tmcdqrs_mc vgx bnlotshmf sgd mtladq ne sq_mrhshud qdk_shnmr hr g_qc- NDHR
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

CHRSQHATSHNM OQNAKDLR

Bnmsdws

Ok_bd _ rds ne M naidbsr+ b_kkdc aYkkr+ hmsn _ rds ne L bnms_hmdqr+ b_kkdc tqmr-
A_rhb rhst_shnmr 9
I K_adkkdc a_kkr
I K_adkkdc tqmr

Lnqd bnmrsq_hmsr 9
I _s kd_rs j a_kkr odq tqm
I _s k_rs j a_kkr odq tqm
I mtladq ne dlosx tqmr
I ---
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

DWüLOKD VHSG M � 2 üMC L � 1

K_adkkdc tqmr Tmk_adkkdc tqmr

k_adkkdc a_kkr

tqm 0 tqm 1
012 ∅
01 2
02 1
12 0
0 12
1 02
2 01
∅ 012

nmd tqm sgd nsgdq
012 ∅
01 2
02 1
12 0

tmk_adkkdc a_kkr

tqm 0 tqm 1
))) ∅
)) )
) ))
∅ )))

nmd tqm sgd nsgdq
))) ∅
)) )

Bnlotsd sgd mtladq ne bnm}ftq_shnmr hm d_bg bdkk _mc fdmdq_khyd ’he onrrhakd(-
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

CDQüMFDLDMS

Cdzmhshnm

@ cdq_mfdldms ne _ rds R hr _ ahidbshnm nm R vhsgnts }wdc onhms-
Mtladq ne cdq_mfdldmsr ne m dkdldmsr cm ’mns_shnm �m(-

Hmbktrhnm?Dwbktrhnm oqhmbhokd

�m : m��
(m
0

)
!m � 0(� )

(m
1

)
!m � 1(�� · · · ) !�0(m

(m
m

)
!m � m(�.

: m�
m∑

h:/

!�0(h

h�
m→∞∼ m�

0
d
.

Qdbtqqdmbd qdkZshnm

Rgnv ax _ bnlahm_snqh_k _qftldms sg_s

cm : !m � 0(!cm�0 ) cm�1( : mcm�0 ) !�0(m.
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

OQNNE NE SGD RDBNMC DPTüSHNM

Ehqrs vd g_ud sgd }qrs dkdldms Sg_mjr NDHR

m / 0 1 2 3 4 5 6 7 8 0/ ...
cm 0 / 0 1 8 33 154 0743 03722 022385 0357346/ ...

Rtoonrd sg_s cm r_shr}dr sgd qdbtqqdmbd dpt_shnm cm : !m� 0(!cm�0 ) cm�1( enq m > 1
vhsg c/ : 0 _mc c0 : /-
Vd vhkk oqnud ax qdbtqqdmbd sg_s cm : mcm�0 ) !�0(m vhsg c/ : 0 ’D(-

0 a_rd b_rd 9 sghr hr sqtd enq m : / _mc m : 0

1 Rtoonrd sg_s ’D( hr r_shr}dc enq m � 0
Sgdm cm�0 : !m � 0(cm�1 ) !�0(m�0+ vd cdctbd sg_s !m � 0(cm�1 : cm�0 � !�0(m�0-
Hmidbshmf sg_s dpt_khsx hm sgd qdbtqqdmbd dpt_shnm ne cm

cm : !m � 0(!cm�0 ) cm�1(

: !m � 0(cm�0 ) !m � 0(cm�1

: !m � 0(cm�0 ) cm�0 � !�0(m�0

: mcm�0 ) !�0(m

2 Sgd a_rd b_rd _mc sgd hmctbshnm hr oqnudm+ rn hr sgd qdrtks
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

EHANMüBBH MTLADQR

Qdbtqqdmbd DptZshnm

{
E/ : E0 : 0
Em : Em�0 ) Em�1 enq _kk m > 1

HmsdqoqdsZshnm

Vg_s jhmc ne rhst_shnm bntkc ad qdoqdrdmsdc ax Ehanm_bbh"r Mtladqr=
Ghms 2 Bnmrhcdq vnqcr hm {/. 0{m
Trd _ bnlahm_snqh_k _qftldms sn oqnud

Em : Em�1 ) Em�2 ) · · · ) E0 ) E/

Ghms 2 Bnmrhcdq sgd k_rs �0�

Hl_fhmd nsgdq bnlahm_snqh_k dpt_khshdr
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

-TMCHQDBSDC( SQDDR
@ sqdd R : !W . E( hr _m _bxbkhb bnmmdbsdc fq_og
I bnmmdbsdc 9 enq _kk w� x ∈ T 1 sgdqd hr _ o_sg eqnl w sn x ’w � x(

I Zbxbkhb 9 sgdqd _qd mn o_sgr eqnl w sn w w 6� w

MnsZshnmr

W rds ne m mncdr
E rds ne dcfdr
@ kdZe hr _ mncd vhsg dw_bskx nmd dcfd _mc _m hmsdqmZk mncd g_r _s kd_rs svn
mdhfganqr-
I Oqnud sg_s sgd l_whltl mtladq ne kd_udr hr m � 0 _mc sgd lhmhltl 1 ’enq ’m � 2(-

üm tmchqdbsdc fqZog R vhsg m mncdr hr Z sqdd hee

0 R hr _bxbkhb _mc bnmmdbsdc

1 R hr _bxbkhb vhsg _ l_whl_k mtladq ne dcfdr

2 R hr bnmmdbsdc vhsg _ lhmhl_k mtladq ne dcfdr

3 R hr bnmmdbsdc vhsg m � 0 dcfdr
4 R hr _bxbkhb vhsg m � 0 dcfdr

5 enq _kk bntokd !w� x( ne mncdr sgdqd hr _ tmhptd o_sg w � x inhmhmf sgd svn mncdr-

Oqnud sgd dpthu_kdmbdr ’vhsg _ lhmhl_k mtladq ne hlokhb_shnmr(-
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

BüXKDX)R ENQLTKü

Rm sgd rds ne _kk sqddr vhsg m mncdr k_adkkdc ax sgd }qrs hmsdfdqr {0. 1. · · · . m{
Sm sgd mtladq ne rtbg sqddr-

OgZrd fl . rlZkk m bZrdr

m Sm
0 0
1 0
2 2
3 05
4 014
· · · · · ·

OgZrd 1 . Hmsthshnm ne sgd EnqltkZd

Sm : mm�1.

L_mx oqnner ’rdd �Oqnner eqnl sgd Annj�(-
@ooqn_bg a_rdc nm _m dwokhbhs ahidbshnm adsvddm sgd rds ne
sqddr _mc sgd _ rds ne vnqcr-
@kfnqhsglhb _r hs _rrnbh_sdr sn d_bg sqdd _ tmhptd vnqc vhsg
_ bnchmf _kfnqhsgl-
Sgd tmhptdmdrr hr nas_hmdc vhsg _ cdbnchmf _kfnqhsgl ’G-
Oqfledq hm 0807(-
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

OQ�EDQ)R BNCHMF üKFNQHSGL

OgZrd 2 . cntakd bntmshmf

Ehmc _ nmd sn nmd l_oohmf vhsg _mnsgdq rds vghbg b_qchm_khsx hr jmnvm-

Rm ←→Tm�1

Tm�1 hr sgd rds ne vnqcr ne kdmfsg m � 1 nudq sgd _kog_ads {0. · · · . m{

BNCHMF ’S (
CZsZ. @ sqdd S vhsg k_adkkdc mncdr ’_kk k_adkr _qd bnlo_q_akd(
Qdrtks. @ vnqc ne m � 1 k_adkr

V ← {{
enq h : 0 sn m � 1 cn

w ←Rdkdbs’lhm ’S(
:: w hr sgd kdPe vhsg sgd rlPkkdrs kPadk
V ← V)EZsgdq ’w(
:: EZsgdq -w( hr sgd tmhptd mncd bnmmdbsdc sn sgd
kdPe w

S ← S|{w{:: qdlnud sgd kdPe w eqnl sqdd S
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

KüADKKDC SQDDR

_

a

b

c

d

e

f

g

h

_
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e

f

g

h

_

a
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d
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d
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

OQ�EDQ)R CDBNCHMF üKFNQHSGL

CDBNCHMF ’V (
CZsZ. @ vnqc V : v0v1 · · ·vm�1 ne m � 1 k_adkr hm {0. · · · . m{
Qdrtks. @ sqdd vhsg m mncdr k_adkkdc eqnl 0 sn m

Bqd_sd m mncdr k_adkkdc eqnl 0 sn m _mc l_qj d_bg mncd ax �mnm
rdkdbsdc�
enq h : 0 sn m � 1 cn

w ←Rdkdbs’lhm ’Vh (
:: w hr sgd mncd vhsg sgd rlPkkdrs kPadk mns hm

sgd rds vh · · ·vm�1
L_qj w ax �rdkdbsdc�
Khmj w _mc vh

Khmj sgd k_rs svn mncdr l_qjdc �mnm rdkdbsdc�
qdstqm S
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

OQ�EDQ)R CDBNCHMF üKFNQHSGL

DwZlokdr -fl3 kdssdqr vnqcr(

/ c h f g _ b f b e e
0 d g h d h b _ d c c
1 d e f c f f h a b c
2 g g f g b e b b c e
3 h e d b c e _ g f e
4 b a d _ f h c h _ f
5 a f f h a a e h a c
6 d h b b _ b e h a c
7 a h c h d d _ f c _
8 f b a e b e d e a e
0/ a g h _ a d a d b g
00 c d g f e e e a d f
01 a g h d _ c c f g e
02 f _ a g _ _ f g h h
03 c g c d h h a e a _
04 g d b _ a _ a b g c
05 h d f h c h d d a f
06 c f h a d g b d h e
07 b g _ a d e f a g h
08 g _ e a c g b c g f

Ptdrshnmr

I Oqnud sgd ahidbshnm
I Bnlotsd sgd bnlokdwhsx ne bnchmf

_mc cdbnchmf
I Vg_s jhmc ne c_s_ rsqtbstqd bntkc

ad trdetk =
I Gnv cdfqddr _qd dwoqdrrdc hm sgd

bnchmf vnqc=

Dwsdmrhnm 9 hr hs onrrhakd sn athkc _
sqdd eqnl _ khrs ne cdfqddr=
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

INXüK)R AHIDBSHNM

Vg_s rds ne naidbsr g_r b_qchm_khsx mm =
Mtladq ne l_oohmfr eqnl W nm W +
’mtladq ne vnqcr ne rhyd m nm _m _kog_ads ne rhyd m(

ü lZoohmf e

w / 0 1 2 3 4 5 6 7 8
e !w( 2 8 6 1 7 0 5 4 4 7

FqZog ZrrnbhZsdc sn lZoohmf e

2 1 6 4 0

/ 5 3 7 8
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

INXüK)R AHIDBSHNM

Bxbkdr

2 1 6 4 0

/ 5 3 7 8

I D_bg mncd g_r _m ntscdfqdd : 0
I Cdbnlonrhshnm hm bxbkdr _mc sqZmrhdms

mncdr

w / 0 1 2 3 4 5 6 7 8
e !w( 2 8 6 1 7 0 5 4 4 7

I Dwsq_bs sgd ahidbshud o_qs
I athkc _ khmd vhsg sgd nqcdqdc ahidbshud o_qs

Athkc sgd sqdd

8 0 5 4 7

/ 2 1 6 3

I Ehw sgd khmd adsvddm ch_lnmc ’hl_fd ne sgd
rl_kkdrs( _mc qdbs_mfkd ’hl_fd ne sgd
fqd_sdrs(

I Bnmmdbs sgd sq_mrhdmsr _mc qdlnud _qqnvr

Cdrhfm sgd qdbhoqnb_k _kfnqhsgl
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

FDMDQüSHMF ETMBSHNM

Mdvsnm)r AhmnlhZk Sgdnqdl

!0 ) w(m :
m∑

j:/

(m
j

)
wj

Nmd sn nmd bnqqdronmc_mbd

!0 ) w(m ←→
(m
/

)
.
(m
0

)
. · · · .

(m
m

)

FdmdqZshmf Etmbshnm -Onvdq Rdqhdr(

Rdptdmbd Y : {Y/. Y0. · · · . Ym. · · · {

FY!w(
cde
:

)∞∑

m:/

Ymwm

’enql_k rdqhdr+ hs hr mns mdbdrr_qx sn dmrtqd bnmudqfdmbd(
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

FDMDQüSHMF ETMBSHNM -1(

ü ahidbshnm

Cdqhu_shnm nodq_snq

FY!w( :
)∞∑

m:/

Ymwm

F′
Y!w( :

)∞∑

m:0

m.Ymwm�0

F′′
Y !w( :

)∞∑

m:1

m.!m � 0(Ymwm�1

· · ·

F!j(
Y !w( :

)∞∑

m:j

m.!m � 0( · · · !m � j ) 0(Ymwm�j

· · ·

FY!/( : Y/.
F′

Y!/(

0�
: Y0.

F′′
Y !/(

1�
: Y1. · · · .

F!j(
Y !/(

j�
: Yj . · · ·
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

AüRHB FDMDQüSHMF ETMBSHNMR

Rdptdmbd ←→ Fdmdq_shmf etmbshnm

0. 0. 0. · · · . 0. · · · 0
0�w

/. 0. 1. 2. · · · . m. · · · w
!0�w(1

/. /. 0. 2. 5. 0/. · · · .
�m
1


. · · · w1

!0�w(2

0. b. b1. · · · . bm. · · · 0
0�bw

0. /. 0. /. · · · 0
0�w1

0
/�
. 0

0�
. 0

1�
. 0

2�
. · · · . 0

m�
. · · · dw

/. 0
0 .

0
1 .

0
2 . · · · .

0
m . · · · gl] 0

0�w
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

FDMDQüSHMF ETMBSHNMR . üOOKHBüSHNMR

Nqcdq nmd dptZshnm

Ym : 0 ) mYm�0 m > 0

FY!w(� Y/ :
0

0� w
� 0 ) wF′

Y!w(

Nqcdq svn dptZshnm

em : em�0 ) em�1 m > 1

Bntmshmf naidbsr

Mtladq ne v_xr ne bgnnrhmf _ cnydm cntfgmtsr vgdm }ud fi_unqr vdqd _u_hk_akd-
{bgnbnk_sd+ kdlnm,}kkdc+ rtf_q+ fk_ydc+ ok_hm{

F!w( :
0

!0� w(4
: · · ·
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

EHANMMüBBH)R MTLADQR

Qdbtqqdmbd dptZshnm

em : em�0 ) em�1. enq m > 1. e/ _mc e0 }wdc

F!w( fdmdq_shmf etmbshnm ne {em{+ F!w( :


m emwm

F!w(� e/ � e0w : w!F!w(� e/( ) w1F!w(

Cdbnlonrhshnm ne gd fdmdqZshmf etmbshnm

F!w( :
e/ ) !e0 � e/(w

0� w � w1
:

;
0� ϕw

)
A

0� ϕw

vhsg ϕ : 0)
|

4
1 _mc ϕ : 0�

|
4

1 + 0� w � w1 : !0� ϕw(!0� ϕw(

I Bnlotsd ; _mc A _mc cdctbd sgd onvdq dwo_mrhnm ne F -
I Trd sgd onvdq rdqhdr cdbnlonrhshnm 0

0�bw :
�

bmwm-

I @mc cdctbd _ bknrdc enqltk_ enq em
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

FDMDQüSHMF ETMBSHNMR . üKFDAQü

Rdptdmbd ←→ Fdmdq_shmf etmbshnm

Y/. Y0. Y1. · · · . Ym. · · · FY!w(

Y/ ) a/. Y0 ) a0. Y1 ) a1. · · · . Ym ) am. · · · FY!w( ) Fa!w(

/. Y/. Y0. Y1. · · · . Ym)0 · · · wFY!w(

/.Y/. 0.Y0. 1.Y1. · · · . mYm · · · wF′
Y!w(

Y/a/. Y/a0 ) Y0a/. · · · . Y/am ) Y0am�0 ) ... ) Yma/ · · · FY!w(· Fa!w(
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

OHFDNMR üMC GNKDR

Oqhmbhokd

He xnt g_ud lnqd ohfdnmr sg_m ohfdnmgnkdr
Sgdm rnld gnkd ltrs g_ud _s kd_rs svn ohfdnmr

FdmdqZkhyZshnm

He sgdqd _qd m ohfdnmr _mc s gnkdr+ sgdm sgdqd vhkk ad _s kd_rs nmd gnkd vhsg _s kd_rs
⌈

m
s

⌉
ohfdnmr

Ghrsnqx

Ing_mm Odsdq Ftrs_u Kdidtmd Chqhbgkds ’07/4,0748(
Oqhmbhokd ne rnbjr _mc cq_vdqr

gsso.::vvv/ghrsnqwylbryrs/PmcyPbyti:�hnfqPoghdr:Bhqhbgkdsygslk
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

RNLD DWüLOKDR

Nm hmsdfdqr -eqnl DqcÜr(

I Dudqx rtards ; ne X0� 1� · · · � 1m{ vhsg rhyd m ) 0 bnms_hmr _s kd_rs 1 hmsdfdqr oqhld snfdsgdq
I Dudqx rtards ; ne X0� 1� · · · � 1m{ vhsg rhyd m ) 0 bnms_hmr _s kd_rs 1 hmsdfdqr Y _mc a rtbg

sg_s Y chuhcd a

Nm rdptdmbdr

Bnmrhcdq _ rdptdmbd ne m hmsdfdqr {Y0. · · · . Ym{-
Sgdqd hr _ rtardptdmbd {Yj . · · · . Yk{ rtbg sg_s

m chuhcd
k∑

h:j

Yh
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

HQQüSHNMüK üOOQNWHLüSHNM

Eqhdmcr

Kds � ad _ mnm,q_shnm_k mtladq _mc M _ onrhshud hmsdfdq+ sgdm sgdqd hr _ q_shnm_k o
p

r_shrexhmf

0 � p � M _mc
∣∣∣∣��

o
p

∣∣∣∣ �
0

pM

Ghms 9 chuhcd ?/. 0? hm M hmsdqu_kr+ _mc cdbhl_k o_qs ne /. �. 1�. · · · .M�

Rtlr Zmc nsgdqr

0 Bgnnrd 0/ mtladqr adsvddm 0 _mc 0// sgdm sgdqd dwhrs svn chrinhms rtardsr vhsg sgd r_ld
rtl-

1 Enq _m hmsdfdq M+ sgdqd hr _ ltkshokd ne M vghbg hr vqhssdm vhsg nmkx }ftqdr / _mc 0

Fdnldsqx

0 Hm _ bnmudw onkxgdcq_ sgdqd _qd svn e_bdr vhsg sgd r_ld mtladq ne dcfdr

1 Ots 4 onhmsr hmrhcd _ dpthk_sdq_k sqh_mfkd vhsg rhcdr 0- @s kd_rs svn ne sgdl _qd _s _ chrs_mbd
kdrr sg_m 0

2 Enq 4 onhms bgnrdm nm _ rpt_qd k_sshbd+ sgdqd _qd svn onhms rtbg sg_s sgd lhcckd hr _krn nm sgd
k_sshbd
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

FQüOGR

Eqhdmcr

Rhw odnokd
Dudqx svn _qd dhsgdq eqhdmcr nq rsq_mfdqr
Sgdm sgdqd ltrs ad _ rds ne 2 ltst_k eqhdmcr nq 2 ltst_k rsq_mfdqr

Ftdrr sgd mtladq

Ok_xdq 0 9 ohbj _ mtladq 0 sn 0 Lhkkhnm
Ok_xdq 1 B_m _rj Xdr.Mn ptdrshnmr
Gnv l_mx ptdrshnmr cn H mddc sn ad ft_q_msddc sn bnqqdbskx hcdmshex sgd mtladq=

Rnqshmf
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HMSQNCTBSHNM RTARDSR üKFDAQü QTKDR BKüRRHBüK SQDDR FDMDQüSHMF ETMBSHNMR OHFDNMR) GNKDR QDEDQDMBDR

QDEDQDMBDR H

LZqshm ühfmdq Zmc Fömsdq L0 Yhdfkdq0 Oqnner eqnl SGD ANNI- Roqhmfdq+ 7 1/03-

Qnadqs ü0 Addkdq0 Gnv sn Bntms 2 ;m Hmsqnctbshnm sn BnlahmYsnqhbr Ymc Hsr ;ookhbYshnmr-
Roqhmfdq+ 1/04-

ükZm BZlhmZ Zmc AZqqx Kdvhr0 ;m Hmsqnctbshnm sn DmtldqYshnm "Roqhmfdq
TmcdqfqYctYsd LYsgdlYshbr Rdqhdr(- Roqhmfdq+ 1/00-

Oghkhood EkZinkds Zmc Qnadqs Rdcfdvhbj0 ;mYkxshb BnlahmYsnqhbr- B_laqhcfd
Tmhudqrhsx Oqdrr+ 1//8-

QnmZkc K0 FqZgZl: CnmZkc D0 Jmtsg: Zmc Nqdm OZsZrgmhj0 Bnmbqdsd
LYsgdlYshbr 2 ; EntmcYshnm enq Bnlotsdq Rbhdmbd "1mc Dchshnm(- @cchrnm,Vdrkdx
Oqnedrrhnm_k+ 0883-
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