
Name: Maths

Question N.1:

Finite summations: let n be an integer, Σk=0,n2k = ?

This is a particular case of the geometric progression (see next question for the general case).

Σk=0,na
k = an+1−1

a−1 for a 6= 1

Question N.2:

Prove Σk=1,n(k2(k + 1)− k(k − 1)2) = n2(n+ 1)

The idea here was to figure out how to write a simple proof.
The basic insight comes by remarking that the result we are looking for (i.e. the right hand side) is
contained into the summation, more precisely, this is the first term with k = n. Then, the summation
can be written as follows:
n2(n+ 1) + Σk=1,n−1(k2(k + 1)− Σk=1,nk(k − 1)2)
Now, let us also remark that the second can be simplified since the first term is nul for k = 1:
Σk=2,nk(k − 1)2)
Now, let shift the indices in this sum (change k to k′ = k + 1):
Σk′=1,n−1(k′ + 1)k′2).
This concludes the proof since both summations are the same.

Question N.3:

Identities:
an − bn = ?
(a+ b)n = ?

an − bn = (a− b)(an−1 + an−2b+ an−3b2 + ...+ bn−1).
The expression of question 1 above is obtained for a = 2 and b = 1.
The second expression is the classical Newton binomial.

Question N.4:

What are the values of Σk>0
1
2k

and Σk>0
1
k?

The limit of the first sum is 2. This is obtained by using the sum of a geometric progression for a = 1
2 .

Sigmak>0 = limn→∞Sigmak=1,n

Obtaining a finite value for an infinite sum was a paradox for a long time until the infinitesimal calculus
of Leibniz/Newton on the XVIIth century.

The second sum is unbounded (it goes to +∞).



The result is obtained by bounding the summation:
1 + 1

2 + 1
3 + 1

4 + ... > 1 + 1
2 + 2 1

4 + 4 1
8 + ...

and the infinite sum of positive constant numbers (here 1
2) is infinite.

Question N.5:

Classify asymptotically the functions (variable n integer).
log(n), 2n,

√
n, nn, log(log(n)), n3

They are all not decreasing functions, the hierarchy is the following:
log(log(n)), log(n),

√
n, n3, 2n, nn.

Question N.6:

Consider T = 1 + 2 + 4 + ....
Compute 2T = 2 + 4 + 8 + ... = T − 1, thus T = −1.
What’s wrong here?
Give an interpretation of the sum: 1-1+1-1+1 ...

There are several possible interpretations, several can be OK at infinity.
But, a sum of non-negative integers can not be negative!
What is status of ∞? It is NOT a number and the usual arithmetic operations do not hold anymore.

Question N.7:

What is an irrational number?

It can not be written as the ratio of two integers.

Question N.8:

Recall the definition of a function F : S → T .
What is a injective function?

One learns early in school that a function from a set S to a set T is a rule that assigns a unique value
from T to every value from S.
Simple examples illustrate that this notion of function is more restrictive than necessary. Think, e.g., of
the operation division on integers. We learned at school that division, like multiplication, is a function
that assigns a number to a given pair of numbers—yet we are warned immediately not to “divide by 0”:
The quotient upon division by 0 is “undefined”, So, division is not quite a function of the same sort as
addition or multiplication, which both do conform to the notion envisioned by the classical definition of
“function”.
F is injective if or each t ∈ T , there is at most one s ∈ S such that F (s) = t
Examples:

“multiplication by 2” is injective: If you are given an even integer 2n, you can always respond with the
integer n.

“integer division by 2” is not injective—because performing the operation on arguments 2n and 2n + 1
yields the same answer (namely, n).
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Question N.9:

Give the definition of the derivative of the continuous function f defined on all the real points.
Describe briefly its geometric interpretation.

f ′(x) = limh→0
f(x+h)−f(x)

h

Question N.10:

What are the derivative of each function: x2 + 2x,
√
x, log(x), 1

x

log and 1
x are not defined for all x. The derivatives are obtained by applying simple rules (additive,

multiplicative, division and composition).
f ′1(x) = 2x+ 2
f ′2(x) = 1

2
√
x

f ′3(x) = 1
x

f ′4(x) = − 1
x2

Question N.11:

Recall the interpretation of the integral of a function.
Examples for (x+ 1)2 on [0..1] and 1/xc on )0,∞( for c > 0

The integral of a positive function is the surface below the curve (and above the variable axis).
It is the limit of the Riemann’s sums.
1
3 · ((1 + 1)3 − 1)
For the second function, it depends on c, c ≥ 0, c = 0,−1 < c < 0 and c < −1

Question N.12:

Consider a –continuous– function f(x). Give a definition and an example for the following asymptotic
notations: O(f(x)), Ω(f(x)), Θ(f(x)).

f = O(g)⇔ ∃C > 0 ∃n0 > 0 ∀n > n0 f(n) ≤ Cg(n) – upper bound

f = Ω(g)⇔ g = O(f) – lower bound

f = Θ(g)⇔ f = O(g) and f = Ω(g)
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Question N.13:

A =

2 0 1
3 3 1
0 5 2


Compute the determinant of A and compute A2.

The purpose of this question is to check the basic knowledge in linear algebra and matrix manipulation.
det(A) = 3× 2× 2 + 3× 5− 2× 5 = 17

A2 =

 4 5 4
15 14 8
15 25 9



Question N.14:

Write the number 2021 in base 2 (binary) and in base 16.

The closest power of two of 2021 is 2048
2048− 2021 = 37 = 32 + 4 + 1
thus, 2021 = 1024 + 512 + 256 + 128 + 64 + 16 + 8 + 2
Thus, the binary writing is: (11111011010)2

2021 = 7× 256 + 229 and 229 = 14× 16 + 5
thus, (7, 14, 5)16

Question N.15:

Describe the main composant of the Algebra of Propositional Logic

Propositional logic is the restriction without the quantifiers.
The propositions are the basic objects (syntactic), they are assertions that can be true or false.
Example: ”the sky is pink”.

Similarly to Set Theory, we can combine propositions in more complex ones:
If (the sky is dark) and (I must go to the university) then (I take an umbrella).
The connective that links the various components are obtained by some operations not, or, and, xor,
implies, ...
The corresponding system put in operations with boolean variables is an Algebra

Question N.16:

Truth tables.
Build the table for the main operations of propositional logic.
Check the contraposition operation using truth tables.
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P ⇒ Q = true, if and only if P = true OR Q = true
1, 1, 0, 1

Question N.17:

Define the notion of equivalence relation.

A binary relation ρ is an equivalence relation if the three following properties are fulfilled:

Reflexivity: xρx

Symmetry: if xρy then yρx

Transitivity: if xρy and yρz then xρz

Question N.18:

Do you know the notion of algebraic closure?

Let C be a (finite or infinite) collection of sets.

Let S and T be elements of collection C.

Let ◦ be an operation on sets—so that S ◦ T is a set.

We say that collection C is closed under the operation ◦ if whenever sets S and T (which could be the
same set) both belong to C, the set S ◦ T also belongs to C.

Example: De Morgan’s laws tell us that a collection C of finite sets is closed under the operation of
intersection whenever it is closed under the operations of union and complementation.

Question N.19:

Prove that the following relation between pairs of integers (ni,mi): (n1,m1)ρ(n2,m2) iff n1 + m2 =
n2 +m1 is an equivalence relation.
Give an interpretation of the equivalent class that contains (n = 1,m = 0).

Intuitively, this relation reflects the geometrical argument that states that the two pairs of points (n1,m1)
and (n2,m2) are equivalent iff the differences n1 −m1 and n2 −m2 are equal.
Draw the picture.
Thus, the equivalence classes here correspond to straight lines parallel to the first bisectrice. and in
particular the line which contains the point (1, 0).

Question N.20:

What is an order relation?

A binary relation ρ on a set S is a partial order if ρ is transitive.
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Question N.21:

Give the formal definition of the intersection and union of two sets S and T .

The elements of S ∩ T belong to both S and T :

s ∈ S ∩ T means s ∈ S and s ∈ T

The elements of S ∪ T belong either to S, or to T , or to both:

s ∈ S ∪ T means s ∈ Sor s ∈ T or s ∈ S ∩ T ]

Question N.22:

Give the formal definition of the set difference of S and T .

The elements of S \ T belong to S but not to T :

s ∈ S \ T means s ∈ Sand s 6∈ T

Question N.23:

Define the cross product (or cartesian product) of two sets S and T .

It is the set of pairs composed of one element of each set.

Question N.24:

Express loga(x) with logarithms in base b.

b is the base.

log(x) is defined as the inverse of the exponentiation f(x) = bx:
x = blogb(x)

Using this definition and the basic property of the exponential, we can establish all the properties of the
log.
logb(x× y) = logb(x) + logb(y)
logb(1) = 0 is a consequence of this definition, not by convention! Easy to prove.
loga(x) = loga(b) logb(x)

Question N.25:

Give another expression for nloga(b).

nloga(b) = bloga(n)
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Question N.26:

Solve the following problem 1:
You are attending a cocktail party that is populated by n couples. In order to create a warm atmosphere,
the host requests that each attendee shake the hand of every attendee that he or she does not know.
Show that there are some people who shake the same number of hands.

This is an illustration of the so-called pigeon hole principle:
The number of persons that each attendee does not know belongs to the set {0, 1, ..., 2n− 2}. We obtain
the result since there are 2n hand shakers.

Question N.27:

Solve the following problem 2:
An integer n is divisible by 9 if, and only if, the sum of the digits of its base-10 digits is divisible by 9.

You can check this property on several numbers (for instance, 63 = 7× 9 or 342 = 38× 9) to figure out
if this result is true: good starting point. However, checking on examples is never a (formal) proof!
The proof contains two parts (iff).
The key point is to start by the writing of n in basis b (b = 10 since we target the decimal notation):
n = (δkδk−1 · · · δ1δ0)10 = Σ0≤i≤kδib

i

Example: 342 = 3× 100 + 4× 10 + 2× 1
n = δk(bk − 1) + δk + δk−1(bk−1 − 1) + δk−1 + ... = Σ0≤i≤kδi + C where all the (bi − 1) for i 6= 0 are
multiple of 9.
This is valid for any b while using the identity of question 3.

Question N.28:

Solve the following problem 3:
Consider a necklace composed of 2n jewels: 2a black jewels and 2b white jewels. There is a tube that
contains exactly n jewels that can move along the necklace.
Show that for any bi-colored necklace of this form, there is a way to position the tube so that inside the
tube and outside the tube, there are equally many jewels, equally many black jewels, and equally many
white jewels.

Hint: Slide the tube around the necklace, and count both black and white jewels at each step. How can
these numbers change in a single step?
We are going to slide the tube (say, clockwise) around the necklace, one jewel per step, and count the
black jewels and the white jewels within the tube at each step.
Of course, if there are currently equally many black jewels inside the tube and outside the tube, then, by
simple arithmetic, we are done.
Say, with no loss of generality, that there are too many black jewels inside the tube, namely, a+ c black
jewels for some c > 0; there is, therefore, a complementary number of white jewels, namely, b− c.
At the end of the process, the tube must contain a black jewels and b white jewels—so the discrepancy c
must have been reduced to 0. To see that this will eventually happen, we must see how the discrepancy c
changes in a single step of the process.

The effect of a single shift is to insert a jewel into the tube, at its advancing extremity, and to eliminate
a jewel from the tube, at its trailing extremity. The discrepancy can be changed by this shift in precisely
three ways.

If the inserted jewel and the eliminated jewel are of the same color, then the discrepancy c is unchanged
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by this shift.

If the inserted jewel is black and the eliminated jewel is white, then the discrepancy c is increased to c+1
by this shift.

If the inserted jewel is white and the eliminated jewel is black, then the discrepancy c is decreased to
c− 1 by this shift.

By the time n shifts have been performed, the discrepancy c will have changed to −c, because the tube
will be in an antipodal position upon the necklace.

Summing up: Over the course of n shifts, the discrepancy c will have changed to −c. The discrepancy
changes by ±1 at each shift. Therefore, there must be some shift among the n when the discrepancy is
0.
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